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Abstract
We provide criteria for equality of the radicals of ideals in terms of the grades of their
specializations. As an application we compute up to radicals the ideals of maximal minors for the
differentials in two classes of complexes associated with a map of free modules.
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Introduction
Let I be an ideal in a commutative ring R with unit. In this note we elaborate on the
problem of determining the radical
√
I via the grades of the nontrivial specializations of I .
The starting point of our inquiry was the following question, raised by Craig Huneke during
conversation:
Let I and J be ideals of grade g in a commutative regular local ring R such that for
any local ring S and any local homomorphism R→ S the equality gradeIS = g holds
if and only if gradeJS = g. Is it true that √I =√J ?
We prove a more general statement. A class R of commutative rings with unit is called
stable under deformation if for each R ∈R and each regular sequence x1, . . . , xn in R the
ring R/(x1, . . . , xn) is also in R.
E-mail address: tchernev@math.albany.edu.0021-8693/$ – see front matter  2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0021-8693(03)00426-5
A.B. Tchernev / Journal of Algebra 267 (2003) 396–403 397Theorem 1. Let R be a stable under deformation class of commutative Noetherian local
rings with unit. Let R ∈R be a Cohen–Macaulay ring, let I and J be proper ideals in R,
and let s be an integer such that 1 s min{gradeI,gradeJ }.
Assume that for any S ∈ R and any local ring homomorphism R → S the condition
gradeS IS  s (respectively, gradeS IS = s) implies the condition gradeS JS  s (respec-
tively, gradeS JS = s).
Then
√
I ⊆√J .
While the Cohen–Macaulay condition in Theorem 1 is essential for our proof, it will
be interesting to know if the theorem holds without it. One way to drop that condition is
to work with height instead of grade, see Theorem 4. Another way to drop the condition
is to allow non-local specializations. If we compare the radicals of just two ideals, then
such a change makes the problem trivial. When we consider more ideals, however, the
result—Theorem 2 below—is nontrivial and quite useful in applications.
A class R of commutative rings with unit is called stable under localisation if for each
R ∈R and each prime ideal p⊂R the ring Rp is in R.
Theorem 2. Let R be a stable under deformation and localisation class of commutative
Noetherian rings with unit. Let R ∈ R, let k  1 be an integer, let I1 ⊆ · · · ⊆ Ik and
J1 ⊆ · · · ⊆ Jk be ideals in R, and let s1 < · · ·< sk be positive integers satisfying
1 si min{gradeIi ,gradeJi} for i = 1, . . . , k.
Assume that for any ring S ∈R and any ring homomorphism R→ S the condition
gradeS IiS  si for i = 1, . . . , k
implies the condition
gradeS JiS  si for i = 1, . . . , k.
Then
√
Ii ⊆√Ji for i = 1, . . . , k.
As an application of the theorem above, in Section 3 we determine the radicals of the
ideals of maximal minors for the differentials in the graded strands Kq(ψ) of the Koszul
complex K(ψ) associated with a map ψ :F → G of free R-modules. In Section 4 we
perform the corresponding computation also for the complexes Dq(ξ) constructed for an
alternating map ξ :G∗ →G by Boffi and Sánchez [2], and Kustin and Ulrich [7].
1. Proof of Theorem 1
Throughout this paper rings are commutative with unit, and modules are unitary.
The main ingredient in the proof of Theorem 1 is contained in the following proposition.
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R ∈R be Cohen–Macaulay, let K ⊆ I be proper ideals in R, and let s be an integer such
that 1 s  gradeK .
Assume that for any ring S ∈ R and any local ring homomorphism R → S the
condition gradeS IS  s (respectively, gradeS IS = s) implies gradeS KS  s (respectively,
gradeS KS = s).
Then
√
K =√I .
Proof. Write m for the maximal ideal of R. Let g = gradeK , thus gradeI  g
(respectively, gradeI = g, which is clear after going modulo a regular sequence
(z1, . . . , zg−s) in K). Suppose that the proposition is not true, and let p be a prime ideal
containing K but not containing I . Let x1, . . . , xg be a regular sequence in I such that
xi ∈ K for 1  i  g − s, and xi /∈ p for i = g − s + 1, . . . , g. Set p = gradep and note
that p  gradeK  g  s  1. Therefore p is not contained in any minimal prime of
(x1, . . . , xg), and since R is Cohen–Macaulay there exists y1 ∈ p such that x1, . . . , xg, y1
is a regular sequence in R. Suppose that for some 1 k  p − g a sequence y1, . . . , yk in
p has been constructed such that x1, . . . , xg, y1, . . . , yk is a regular sequence in R. Then
each minimal prime of (x1, . . . , xg, y1, . . . , yk) has height k + g  p, hence does not
contain p. Therefore there exists yk+1 ∈ p such that x1, . . . , xg, y1, . . . , yk+1 is a regular
sequence in R. Proceeding inductively, we construct in p a sequence y1, . . . , yp−g+1 such
that x1, . . . , xg, y1, . . . , yp−g+1 is a regular sequence in R. Thus we obtain
grade
(
I + (y1, . . . , yp−g+1)
)
 p+ 1
(respectively, grade(I + (y1, . . . , yp−g+1))= p+1, because gradeI = g). Then in the ring
S =R/(x1, . . . , xg−s, y1, . . . , yp−g+1) we have
gradeS IS = gradeS
(
I + (y1, . . . , yp−g+1)
)
S  p+ 1− (p− s + 1)= s
(respectively, gradeS IS = gradeS(I + (y1, . . . , yp−g+1))S = p+1− (p− s+1)= s), and
gradeS KS  gradeS pS = p− (p− s + 1)= s − 1;
thus contradicting the assumptions of the proposition. Therefore
√
K =√I . ✷
Proof of Theorem 1. Set K = IJ . Thus K ⊆ I , and for each S ∈R and each local ring
homomorphism R→ S we have
gradeS KS =min{gradeS IS,gradeS JS}.
Therefore the condition gradeS IS  s (respectively, gradeS IS = s) implies gradeS KS  s
(respectively, gradeS KS = s), hence
√
K =√I by Proposition 3. Since K ⊆ J , the con-
clusion of Theorem 1 is immediate. ✷
A sequence of elements x1, . . . , xn in a ring R is a parameter sequence if for each i the
element xi is not in any of the minimal primes of the ideal (x1, . . . , xi−1). A class of rings
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x1, . . . , xn in R the ring R/(x1, . . . , xn) is also inR. With this terminology the proof of the
following theorem is mutatis mutandis that of Theorem 1.
Theorem 4. Let R be a stable under parameter deformation class of Noetherian local
rings. Let R ∈ R, let I and J be proper ideals in R, and let s be an integer such that
1 s min{heightI,heightJ }.
Assume that for any S ∈ R and any local ring homomorphism R → S the condition
heightS IS  s (respectively, heightS IS = s) implies the condition heightS JS  s
(respectively, heightS JS = s).
Then
√
I ⊆√J .
2. Proof of Theorem 2
We proceed with the proof of Theorem 2. As a main step we have
Proposition 5. Let R be a stable under deformation and localisation class of Noetherian
rings, and let R ∈ R. Let k  1 be an integer, let K1 ⊆ · · · ⊆ Kk and I1 ⊆ · · · ⊆ Ik be
ideals in R such that Ki ⊆ Ii for i = 1, . . . , k, and let s1 < · · ·< sk be integers satisfying
1 si  gradeKi for i = 1, . . . , k.
Assume that for any ring S ∈R and any ring homomorphism R→ S the condition
gradeS IiS  si for i = 1, . . . , k
implies the condition
gradeS KiS  si for i = 1, . . . , k.
Then
√
Ki =√Ii for i = 1, . . . , k.
Proof. Suppose that the proposition is not true, and let t be the greatest index for which√
Kt 
√
It . Let p be a prime ideal in R containing Kt but not containing It . Thus
gradep gradeKt  st > st−1
(where s0 = 0), and we can choose a regular sequence x1, . . . , xst−1 in p such that for each
1  i  t − 1 the sequence x1, . . . , xsi is regular in Ki . In particular, x1, . . . , xsi is also a
regular sequence in (Ii )p for i = 1, . . . , t − 1.
Set p = depthRp. As p  gradep  st > st−1, we can choose y1, . . . , yp−st+1
in p so that x1, . . . , xst−1, y1, . . . , yp−st+1 is a regular sequence in Rp. Then in S =
Rp/(y1, . . . , yp−st+1) we still have gradeS IiS  si for each 1 i  k, while
gradeS KtS  depthS = p− (p− st + 1)= st − 1 < st ;
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√
Ki =√Ii
for i = 1, . . . , k. ✷
Proof of Theorem 2. Set Ki = IiJi . Thus Ki ⊆ Ii , and for each S ∈ R and each ring
homomorphismR→ S we have gradeS KiS =min{gradeS IiS,gradeS JiS}. Therefore the
condition
gradeS IiS  si for i = 1, . . . , k
implies the condition
gradeS KiS  si for i = 1, . . . , k;
hence
√
Ki =√Ii for i = 1, . . . , k by Proposition 5. Since Ki ⊆ Ji for i = 1, . . . , k, the
conclusion of Theorem 2 is immediate. ✷
Remark. By using the more general notion of true grade (see, e.g., [9, Chapters 5 and 6])
one can show (with essentially the same proofs) that Theorem 2 and Proposition 5 hold
without Noetherian assumption on the rings in R.
3. Graded strands of the Koszul complex
Let R be a ring, let ψ :F →G be a map of finite free R-modules with f = rankF and
g = rankG, and write It (ψ) for the ideal of t × t minors of ψ . Let
S(G)=
⊕
t0
StG
be the symmetric algebra of G over R, let e1, . . . , ef be a basis for F over R, and write
K(ψ) for the Koszul complex over S(G) on the elements ψ(e1), . . . ,ψ(ef ). The complex
K(ψ) splits into a direct sum of subcomplexes
K(ψ)=
⊕
q0
Kq(ψ)
(see, e.g., [5, Section A2.6]), where the q th graded strand Kq(ψ) has the form
Kq(ψ)= 0→Kλ ∂
(q)
λ−→Kλ−1 →·· ·→K1
∂
(q)
1−→K0 → 0
with Ki ∼=∧i F ⊗R Sq−iG, and λ=min{q,f }.
We want to study the ideals of minors of the maps ∂(q)i . As the case f  g has been
treated in [5, Theorem A2.10], we assume from now on that f  g.
Set bi = rankFi , and write ri = ∑λs=i (−1)s−ibs for the “expected” rank of the
differential ∂(q). The main result of this section isi
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√
Irt (∂
(q)
t )=
√
If−t+1(ψ).
As an immediate consequence of Theorem 6 we obtain
Corollary 7. Let k  1 be an integer. The following conditions are equivalent:
(i) Ht (Kq(ψ))= 0 for all t  k.
(ii) gradeIf−t+1(ψ) t − k + 1 for all t  k.
The proof of Theorem 6 relies on the following acyclicity criterion due to Avramov [1,
Proof of Proposition 1].
Theorem 8 [1]. The complex Kq(ψ) is acyclic if and only if gradeIf−t+1(ϕ)  t for
1 t min{q,f }.
We also need the acyclicity criterion of Buchsbaum and Eisenbud [4].
Theorem 9 [4]. Let G be a complex of finite free R-modules
G : 0→Gl δl−→Gl−1 →·· ·→G1 δ1−→G0 → 0
with bi = rankGi and ri =∑ls=i (−1)s−ibs .
(i) The complex G is acyclic if and only if gradeIri (δi) i for i = 1, . . . , l.
(ii) If the complex G is acyclic, then √Ir1(δ1)⊆ · · · ⊆√Irl (δl).
The next lemma is an immediate consequence of Theorems 9 and 2.
Lemma 10. Let R be a Noetherian ring, let G be an acyclic complex as in Theorem 9, and
let I1, . . . , Il be ideals in R such that
√
I1 ⊆ · · · ⊆√Il .
Assume that for any Noetherian R-algebra S the complex G⊗R S is acyclic if and only
if gradeS IiS  i for i = 1, . . . , l.
Then
√
Iri (δi)=
√
Ii for i = 1, . . . , l.
We are now ready for the proof of Theorem 6.
Proof of Theorem 6. Let X = (xij ) be an g × f matrix of indeterminates, and let
Q = Z[X] be the polynomial ring over the ring of integers Z with variables the entries
of X. By specialization, it suffices to prove the theorem when ψ is the map
Qf
X−→Qg.
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known, see, e.g., [3, (2.5)], that for i = 1, . . . , λ we have
gradeIi = i(g − f + i) i,
hence G = Kq(ψ) is acyclic by Theorem 8. Since we have inclusions I1 ⊆ · · · ⊆ Iλ the
desired conclusion is immediate from Lemma 10. ✷
4. Complexes associated with an alternating map
Let G be a free R-module of rank g, let G∗ = HomR(G,R), and let ξ :G∗ →G be a
map given by an alternating matrix (ξij ) in some basis of G and the dual basis of G∗ (i.e.,
ξ11 = ξ22 = · · · = ξgg = 0, and ξij =−ξji for i = j ).
For an integer q  1 Boffi and Sánchez [2] and Kustin and Ulrich [7] construct in a
canonical way a finite complex Dq(ξ) of finite free R-modules. We refer the reader to
[2,7], or [10] for a detailed description of Dq (ξ). In particular, see, e.g., [7, (2.15) and
(4.3)], the complex Dq(ξ) commutes with base change and has the form
Dq(ξ)= 0→ Fµ ∂µ−→ Fµ−1 → ·· ·→ F1 ∂1−→ F0 → 0,
where µ= g− 1− 2 max{0, (g− q − 1)/2}. As in the previous section, we write bi for
the rank of Fi , and ri =∑µs=i(−1)s−ibs for the expected rank of ∂i .
The next theorem is the main result of this section.
Theorem 11. For each 1 t  µ there is an equality
√
Irt (∂t )=
√
Ig−t (ξ).
As in Corollary 7, we also obtain
Corollary 12. Let k  1 be an integer. The following conditions are equivalent:
(i) Hi (Dq(ξ))= 0 for all i  k.
(ii) gradeIg−i (ξ) i − k + 1 for all i  k.
The proof of Theorem 11 relies on the following acyclicity criterion, whose “if” part is
due to Kustin and Ulrich [7, (6.2)], and “only if” part due to Tchernev [10, Theorem A].
Theorem 13 [7,10]. The complex Dk(ξ) is acyclic if and only if gradeIg−t (ξ)  t for
t = 1, . . . ,µ.
Proof of Theorem 11. Let X = (xij ) be an alternating g×g matrix of indeterminates, and
let Q= Z[X] be the polynomial ring over the integers with variables the entries of X. The
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suffices to prove the theorem when ξ is the map
(
Qg
)∗ X−→Qg.
For each 1 i  µ set Ii =
√
Ig−i (X). It is a well known result of Marinov [8], and Kleppe
and Laksov [6] that for i = 1, . . . ,µ one has
gradeIi =
{(
i+2
2
)
if g − i is even;(
i+1
2
)
if g − i is odd,
and it follows that grade Ii  i for i = 1, . . . ,µ. Therefore the complex Dk(ξ) is acyclic
by Theorem 13. In view of the inclusions I1 ⊆ · · · ⊆ Iµ, the desired conclusion is now
immediate from Lemma 10. ✷
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